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1 Show that the system of equations 

 

,

,

,

x y z

x y kz

x y z

14 4 6 5

3

21 6 9 14

- + =

+ + =

- + - =

 where k is a constant, does not have a unique solution and interpret this situation geometrically. [4]
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2 Find the roots of the equation ( )z 5 4 4 3i i3
+ = + , giving your answers in the form ( )cos sinr r 5ii i+ - , 

where r 02  and r0 21 1i . [5]
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3 Find the first three terms in the Maclaurin’s series for tanh e
x1

2

1- b l in the form lna bx cx
2

1 2
+ + , giving

 the exact values of the constants a, b and c. [6]
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4 Find the particular solution of the differential equation

 
x

y

x

y
y x2 3 27

d

d

d

d

2

2

2
+ + = ,

 given that, when x 0= , y 2=  and 
x

y
8

d

d
= - . [10]
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5 The curve C has parametric equations 

 x t t2
3

2
2

3

2

1

= - ,  y t2 5= + ,  for t0 31 G .

 (a) Find the exact length of C. [5]
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 (b) Find the set of values of t for which 
x

y
0

d

d

2

2
2 . [5]
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6 (a) Starting from the definitions of cosh and sinh in terms of exponentials, prove that 

 sinh sinh coshx x x2 2= . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................
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 ............................................................................................................................................................

 (b) Using the substitution sinhu x= , find sinh coshx x x2 d
2y . [4]
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 (c) Find the particular solution of the differential equation

  tanh sinh
x

y
y x x2

d

d 2
+ = ,

  given that y 4=  when x 0= . Give your answer in the form ( )y xf= . [7]
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7 The matrix A is given by 

 A 0

0

2

0

6 2 13

5

8

-

-= f p.
 (a) Find a matrix P and a diagonal matrix D such that  A PDP

1 1
=

- - . [7]
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 ............................................................................................................................................................
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 (b) Use the characteristic equation of A to find A 1- . [4]
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8 (a) State the sum of the series z z z1
n2 1

f+ + + +
- , for z 1! . [1]

 ............................................................................................................................................................

 (b) By letting cos sinz ii i= + , where cos 1!i , show that 

 ( )cos cos cos cos
cos

sin sin
n n

n
1 2 1

2
1
1

1
fi i i i

i

i i
+ + + + - = - +

-
e o. [7]

 ............................................................................................................................................................
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 n
1

n
2

n
n 1-O

1

y

x1

 The diagram shows the curve with equation cosy x=  for x0 1G G , together with a set of n rectangles 

of width 
n
1

.

 (c) By considering the sum of the areas of these rectangles, show that

 cos cos
cos

sin sin
x x

n2

1
1 1

1

1
d

n

n

0

1

1

1

1 - +
-

f py . [4]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 (d) Use a similar method to find, in terms of n, a lower bound for cos x xd
0

1

y . [3]

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

 ............................................................................................................................................................

Further_Mathematics · 2023 · Oct/Nov · Paper 21 · QP · Cambridge
GradeMax



16

9231/21/O/N/23© UCLES 2023

Permission to reproduce items where third-party owned material protected by copyright is included has been sought and cleared where possible. Every 

reasonable effort has been made by the publisher (UCLES) to trace copyright holders, but if any items requiring clearance have unwittingly been included, the 

publisher will be pleased to make amends at the earliest possible opportunity.

To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced online in the Cambridge 

Assessment International Education Copyright Acknowledgements Booklet. This is produced for each series of examinations and is freely available to download 

at www.cambridgeinternational.org after the live examination series.

Cambridge Assessment International Education is part of Cambridge Assessment. Cambridge Assessment is the brand name of the University of Cambridge 

Local Examinations Syndicate (UCLES), which is a department of the University of Cambridge.

Additional page

If you use the following page to complete the answer to any question, the question number must be clearly 

shown.

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

............................................................................................................................................................................

Further_Mathematics · 2023 · Oct/Nov · Paper 21 · QP · Cambridge
GradeMax


